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In this paper, we investigate special Smarandache curves with regard to 
Sabban frame for Mannheim partner curve spherical indicatrix. We created 
Sabban frame belonging to this curves. It was explained Smarandache curves 
position vector is consisted by Sabban vectors belonging to this curves. Then, 
we calculated geodesic curvatures of this Smarandache curves. Found results 


were expressed depending on the Mannheim curve. 
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1. Introduction 


In differential geometry, special curves have an important role. One of these curves Mannheim 
curves. Mannheim curve was firstly defined by A. Mannheim in 1878. Any curve can be a Mannheim 


curve if and only if 2 = A is anonzere constant, where curvature of curve is « and curvature 


K+?’ 
of torsion is tT . After a time, Mannheim curve was redefined by Liu and Wang. According to this new 
definition, when first curves principal normal vector and second curves binormal vector are linearly 
dependent, first curve was named as Mannheim curve, and second curve was named as Mannheim 
partner curve [8]. We can found many studies in literature related to Mannheim curves [4, 9]. A regular 
curve in Minkowski space-time, whose position vector is composed by Frenet frame vectors regular 
curve is called a Smarandache curve [15]. Special Smarandache curves have been studied by some 


authors [1, 2, 5, 10, 11]. K. Task6prii, M. Tosun studied special Smarandache curves according to 
Sabban frame on $7 [14]. S. Senyurt and A. Caliskan investigated special Smarandache curves in terms 
of Sabban frame of spherical indicatrix curves and they gave some characterization of Smarandache 
curves [3]. We investigated special Smarandache curves belonging to Sabban frame drawn on the 
surface of the sphere by Darboux vector of involute and Bertrand partner curves [12, 13]. Let 
a:I—»E° bea unit speed curve, we defined the quantities of the Frenet frame and Frenet formulae, 
respectively [7], 


T(s)=a'(s), N(s) = oO, , B(s) =T(s) A N(s), (1.1) 
la’"(s) 
T'(s) =k(s)N(s), N'(s) = —K(s)T(s)+7(s)B(s), B'(s) = —t(s)N(s). (1.2) 


Let a@,a@ be Mannheim pair curve and Frenet apparatus {T(s),N(s),B(s),«(s),7(s)} and 


{T*(s),N‘(s), B’(s),« (s),7 (s)} are respectively. The relation between the Frenet apparatus are as 
follows, [9], 
KO’ ‘ 


T’ =cos6T —sin@B, N* =sin@T + cos OB, B’=N, x =———.,, tT os 
At|WI| At 


(1.3) 


Let vy: 15S * be a unit speed spherical curve. We denote s as the arc-length parameter of v . Let us 
denote by 

Ws)=y(s), s)=7'(s), d(s)=(s) At(s) 1.4) 
{yv(s),t(s),d(s)} frame is called the Sabban frame of y on S*. Then we have the following 
spherical Frenet formulae of v 

y'(s)=t(s), t(s)=—-y(s)+K,(s)d(s), d"(s)=—K, (s)t(s) 
where x, is called the geodesic curvature of the curve y on S * which is 


K,(s) =(t'(s),d(s)). (1.6) 


(1.5) 


2. Main Results 

In this section, we investigated special Smarandache curves such as created by Sabban frame, 
aes a A i AT, L, {N",T.. ,N* AT. } and {B’,T ,B AT }. We will find some results. These 
results will be expressed depending on the Mannheim curve. Let’s find results on this Smarandache 


curves. @ (Ss ,)=T (s'), @ (8s ,)=N(s') and a@ (s _,)=B'(s’) be a regular spherical 
ios Nee ONG BrP 


curves on S* The Sabban frames of spherical indicatrix belonging to Mannheim partner curve are as 
follows: 


jie Me oa aS We (2.1) 
N= NN", T , =—Cos ~@T +sing'B’, N° AT, = sin ~T +cos¢'B’, (2.2) 
BSB ON BRE ST (2.3) 


From the equation (1.5), the spherical Frenet formulae of (T"), (N*) and (B") are, respectively, 


Pet. PSP ePl AT CRT 2ST (2.4) 
T T K T T T 
Nor res 2 War Ware (2.5) 
n*? oN |w N N |w N 
3 Pe eee ‘ a a 
B'=T ,,T ,'=-B +—B AT ,,(B AT) =-—T,. (2.6) 
B B T B B T B 
Using the equation (1.6) the geodesic curvatures of (T"), (N”) and (B’) are, 
be ig Se. (2.7) 
K |w T 
Definition 2.1. Let (T") curve be of a“, T” and T be unit vector of (J). In this case f, - 
Smarandache curve can be defined by 
1 
A(s)=—=(" +T.,). (2.8) 
1 J2 T 


Theorem 2.1. The Kit geodesic curvature belonging to f, -Smarandache curve of the Mannheim 


: B 1 
curve is kK, = 


Aud! Rat | Ao+ 2As), where 
d' d' 


WIh3 
2 
+(e) 


= Ww Wi Ww = Ww W Ww Ww 
5 -2-lhy 5 PIM, 3 2-2-sdp el 
25 i, WI Wh, 
Cy Bier =) ge =k 
ey : 
Proof:. B54) = Ari a) and from the equation (2.1), we can write 
1 
(s°) =—=(T" +N’). (2.9) 
B, a) 
Differentiating (2.9), T;, (s°) is 
T, (Ss) =————— (T+ N +B). (2.10) 
1 a 5 K 
[2+ ; 
kK 
Considering the equations (2.9) and (2.10), with ease seen that 
’ 1 geerrar aiee * 
(BAT, )(s*) = (aE ee ety 3 (2.11) 
: qe K 
kK’ 
Differentiating (2.10) equation, T, vector is 
* 2 * * * 
T, \(s Ne ag +A,N°+A,B"), (2.12) 
(2+( yy 
k 
where coefficients are 
Cor 
A, = Sq) a7? 
kK OK 
Cc a a ; Cc 
A, =-2-3(—) -(—)* -()'), (2.13) 
kK kK kK OK 
ra Be 
A, = 2() +(Y +" 
kK kK kK 
From the equation (1.6), (2.11) and (2.12), Kil geodesic curvature of f(s") is 
eS : : Tate ay ey a (2.14) 


(2+ o, me 
Substituting the Fee (1.3) into equation (2.9), (2.10), (2.11) and (2.12), Sabban apparatus of the 
f, -Smarandache curve for Mannheim curve are 


B(sS)= i ((sin@ +cos@)T +(cos@—sin@)B), 


_ (sind - cos 8) ||| , McosP+sin) p 
wi) +20? "we er ||wI? +20” 
|W (cos 0 + sin 8) 20' ny, Wllcoso— sind) » 


(B, AT, )(s) = 
a 2 |wI +46” “Pips? 2 |W? +46” 


= (0')' J2(A cos 0 + Ax sin @) T+ (OY N2As ae (0’)* J2(A2 cos 0— Ai sin 0) 


T,(s) 
a (WI +20") (wi +202)? (wi? +207) 


and Kit geodesic curvature is 
5-1 


(2+ ru 


Ws + WI Re + 2Aa). 


Definition 2.2. Let (T*) curve be of a’, Tr. and T* AT,. be unit vector of (T*). In this case B, - 


Smarandache curve can be defined by 


1 P 
BlS)= +T AT «). (2.15) 
Theorem 2.2. The Ke geodesic curvature belonging to 3, -Smarandache curve of the Mannheim 
curveis K2 = : rae Maal é1—€2 + &3) where 
. [Whoo 
(is EO i = Ye 
Ww Ww Ww Ww - W Ww WwW 
_d ml Uysal IAL, 5, a-alhy adh, 
Ww WwW WwW 
7 r atl 
Cy? 
Proof: From the equations (1.3), (2.1) and (2.15), we can write 
BAS)= sy (in or +N+cosé@B). 
Herein, if Sabban apparatus calculate 
see. cos 0 — [wlsind ||w|| rae O' sind — [e988 


J2|wIP +0" ” Dive +60” J2\wi +6” 
(0’) eT (0’) fart py _O v2 4 /2(€2cos 0 — é1sin@) 
2(\w|) +e") (2|WIf +e°y (2|w|l +8°y 
2||W|[cos 6 -0'sind O'sin@ a 6 jy Z| [sind + O'cos 0 


(B, AT), (9) = a 
ee TaiwiP +20? Jawp 207 faye +207 


B 
k,° geodesic curvature is 


i= 


By _ 1 


72 Iw é\ £0 +63). 


g’ 


Definition 2.3. Let (T° ‘ curve be of a’, T’, T and T* AT_, be unit vector of (T*). In this case 


PB; -Smarandache curve can be defined by 


Al)= "47, 47 AT,,) 0.16 


Theorem 2.3 The Ke geodesic curvature belonging to 2, -Smarandache curve of the Mannheim 


curve is K3 = : 2 Shae ee ¢ g —_\p.), where 
ae ea pt op 
i ‘I 
Ww Ww W Ww Ww 
wally alYly sally, yl 
ee io Ml, ml, 4, i, | 
P» orp ) AG : be AS y+ 7 ) 
2 [WI Wl. wl. il, mI 
Spee er i ar “—)- ros eae oe Cher 
Proof: From the equations an and aoe we can write 
B;(s) = (sind + cosOyT +N+(cos@—sin@)B). 
Then if Sabban apparatus calculate 
0' cos 0 —(||W||—-4')sin 8 || 6' sin 8 + (||W]|— 4’) cos 8 
Ty, (s)= ; T+ : N : B, 
2-40") 2 -W]a'+a%) 2 -WI]a" +8") 
T,\s)= (6) Bg, sind+9, cos 8) (0')' Ba, 
% Aw —\w\ja’'+6") 4(|W|| —|w||e' +e")? 
fs (0')'B@, cos 0 — ”, sin 0) 
4(|w| —|w\je'+e) 
(BT, Xs) = (2||W||- 0’) cosO-(|W]]+0 sind. ZZ —|w| 
~6|W\|o' +60” 6|w|P —6]w]a" +60” 
(2||W||— 6’) sin 8 + (|W||+ 4’) cos - 
6|w|?-olwl’'+6o? 
Ke geodesic curvature is 
1 Ww — IW] — 


“ia Thy 


Definition 2.4. Let (N“) curve be of a*, N* and Ts be unit vector of (N”). In this case P,- 


Smarandache curve can be defined by 


eee, 
BO= +T ,). (2.17) 
Theorem 2.4. The Kis geodesic curvature belonging to [3,-Smarandache curve of the Mannheim 
1 _ _ _ Ww 
curve is Ke = 5 (7%;-NXH.+27;), where 7 =( , | ; ; < csc@ and 
(2+) (ay + [7] 


X= 2-07 +97'1, 12 =-2-30 —y —'n, x5 =2n +17 +17, 


Proof: From the equations (1.3), (2.2) and (2.17), we can say 


Fresca ce 0” +|W|| sino— O'cos 6 ye = WI \w| ae ae ee C050 - 


If Sabban apparatus calculate 


1,(s)= ihe 6m, ry ne 
ome. TP, 
on bth Ee ont RT TAF Y2IW I +20" z.sind ,. 26'+ ZaI)N2_ 
+9) ylwh +0" +n) wh <o" 
+n) yiwh +0" | 


(BAT, \s)= (2|W||-70")cos6—n,/||W|| +0” ne et 6'—n||w|| 
a 44277 J|wIP +0? = Jw a7 
8" 2||W||) sin 6 - nw || +9” cosd 
44217 wl +0” 


B : . 
k,* geodesic curvature is 


p 1 oe 
kK, = UP atm py eae ar 


(2+1°)? 
Definition 2.5. Let (N") curve be of a’, ‘ve and N* A T. , be unit vector of (N"). In this case PB; 


-Smarandache curve can be defined by 


1 * 
Theorem 2.5. The Ke geodesic curvature belonging to {;-Smarandache curve of the Mannheim 
1 Be ee 
curve is al = = (2761 —62 +63), where 
(2+7°)? 


O1=N+2n'+2n'n, 62=-1-37?-2n*-7', 63 =—-n? -2n* +7! 


Proof: From the equations (1.3),(2.2) and (2.18), we can write 


(WIA). cos. (O'- 
26" +2\|w|| 26" +2\|w|| 26" +2\|\w|| 


|W) sin 8 a 


B;(s) = 


Here, if Sabban apparatus calculate 
ies n(\W|+9')cos0—,||WI +0” ind ("|W 
. i+ 277 |\wiP +6" i+ 27? ||whP +6" 
W|+0sin0+,/|WI’ +07 cose 
| + 0’)sind+,/|W|| +6" cos a 
Jl+2n?||\W|| +6? 
7,(s)= (53|W||-620)V2 cos +.61,]2||W|] +20” sind (530' +52 |W V2 e 
; (14277) 0” +| WI) (142°) 0” + |W] 
2 (626' —63||W|)V2 sind + 61,/2|W|! +20” cosé . 
(1+27°)?,/6? + |W] 
Ese (|W||+6") cos +2n,/|wI) +07 sind 6’ -|w|| i 
NA 8) eee 
: J2+4n? Vwi? +6? J2-+47? Jw? +6” 
2n,||WI’ +0” cosO —(|W||+’) sind 
wn ||W|| +0" cos 6 -(|W]]+ 6") sin . 
J2+47° 4||W| +6” 


1 a EB ges 
Ke = = (2701-62 +03). 
(2+n°)? 


B. : : 
> geodesic curvature is 


Definition 2.6 Let (N*) curve be of a”, N*, Ts and N* A ie be unit vector of (N*). In this 
case [,-Smarandache curve can be defined by 
1 
B.(s) == 
NB 


Theorem 2.6 The Ks geodesic curvature belonging to [,-Smarandache curve of the Mannheim 


(N°+T , +N" AT ,). (2.19) 


fe _ 2n-1)p,-+0)p,+(2-n)p, 

curve Is K, = 5 
4/2(1-n +7)? 

P, =-2+4n — 41? +2? +2n'Qn-1), p, =-2+2n—4n? +27? -2n* -n'(1+7), 


P3 = 29-49" +47? —2n* +7'(2-7). 


, where 


Proof: From the equations (1.3), (2.2) and (2.19), we can write 
(|W\|-@") cos +./0 +||W|/ sind 6'+ lw 
pia Wtleerenses Je sbi sind, esi y 
36” +3) 36” +3) | 
(0' —||W])) sin 0+ JO” + iil cos 0 
$+} 8, 


36” +3 |W 


Herein, if Sabban apparatus calculate 


l 


V2 = +77) y| WI +4" 20-7 +7") |W] +8” 
1-—7)6' —7n||W1) sin 6 — wi 6” 0g 
ame alban VIE hs Oe, 
20-9 +n7)a||WI| +0” 
(5) = 229 P2 |W )v3cos 0+ p,y3|WI +36" sind, (os|W] + 2,63 
4-9 +r y yo" +|wi 4—n+7°)? Yo +]W 
(p, |W|- 2,03 sin 0 + p, .|3 |W) +307 cos 0 ; 
- ? 
4-9 tip yo? +] 
2- Ww 1 g’ (a) In-1 wi i : 0 
((2—7) |W||+(1.+7)6")cos 6+ (277 —-1),]|W| +7 sin : 
6-67 + 677° |W +0” 

__@-mo'- + || 
6-67 +67" |W +0" 
2 -l)y/|W| +0” cosO—(2—m) |W |-C.+)0")sin 8 

Pec! )y|WIf + 6° cos 6 —- (2-1) |W|- (+76) sin " 


6-67 +67? 4||W|) +0” 


Ty, (s)= 


Ty, 


(B, AT, (s) = 


N 


: 


Ke geodesic curvature is 
fo - 2N-1)p, ~ (1+) p+ 2—)p 
5 : 
4V2(1-9+1°)? 


& 


Definition 2.7. Let (B") curve be of a’, rT. and B* AT, be unit vector of (B"). In this case £, - 


Smarandache curve can be defined by 
1 


B,(s) = 5 (T +T° A T ). (2.20) 
Theorem 2.7. The «.7 geodesic curvature belonging to 3, -Smarandache curve of the Mannheim 
curve is x7 = > <2 7] W,-W,+W;), where 

Che ae 

v= Gap : GaP 20D Ta v,=-l ep” 2 - Gap 

= 0g 0’ 0’ 

= Gap we” * wp” 


Proof: From the equations (1.3), (2.3) and (2.20), we can write 


B,(s) = 5 (SingT + N ~ cosOB), 


If Sabban apparatus calculate 


_ F089 - 9'cos 0 —|W sin @ 2 (lw yO in +] Wleos 


J2\w|f +0" J2|wIf oe J2\w|l +0” 


T,\s)= [wi J2(@; cos 0 - a2 sin@) We 2a, ny lv? J2(@2 cos 0 + @;3 sin 0) 
> awry Whee lwp sory 
2|W [cos 0 + O'sin 8 ps _ Fos 0 O'cos O—2|W||sing 


(B, AT, Ms) = 5 
4) +20” Ta a 4) +26" 


Ke! geodesic curvature is 
oe g 
onto a ae 


Definition 2.8. Let (B’) curve be of a*, B’, ie and B* A T be unit vector of (B"). In this case 


O? +f 203). 


[i -Smarandache curve can be defined by 
Ts ses : 

B,(s) = a +T +B AT.) (2.21) 

Theorem 2.8. The Kis geodesic curvature belonging to {, -Smarandache curve of the Mannheim 


B 1 O = 
NE ,-+ 20, +2- 25), 
i 


curve is. «-°8 =((2 
: [w| 


i: B+ oe yt)? 
wl ll 
=. g' 6’ 6' 6’ 6’ 6 
Fa 4 pa (Fy 0 4 yea #1) 
Iv eo Ee es “ ae 


7 


— Gg’ 
6, =-2+2-—-4(__)’ Coy = 2794 ee ae 
ay “i um a Hie ir 


6,=2 “ya! ape yo! 5 
nae 7 a “Gwe we OW 
Proof: From the equations (1.3), (2.3) and (2.21), we can write 


f(s) = Fz ((cos- sin9)T + N —(cos@+sin@)B). 


Here if Sabban apparatus calculate 


_ O'cosO+(0'—||W]) sind \w|| We O'sin 0 -(8'—|W cos 


T, (s)= 
B 
© 2 -|wia+e7) aq wise") /2qw | -w]a'+e") 
Mall V3(¢, cos @-C, sin) wf V3¢, wt V3(¢, cos0+€, sin 8) 
“we -Wwlo+oy awh -Iwlee awe lias 


7,13) = 


(2||W||-’) cos 6 + (|W||+ 4’) sin oF ae 20’ —|w| 
6|\w| —6|w|a’ +60” 6|w || —6|w|a’ +60” 
- (|w|| + 0’)cos 6 — (2|w| —6')sin@ B 


4 J6lw| —6|W||0'+60” 


B : . 
k,° geodesic curvature is 


(Bs AT, (Ss) = N 


B 1 72 g = 
i= 7 -1)$,-(1+_—)6,+2- oF 
W204i a a aad ¥ Cw] || im 


3. Conclusion 


In this study, we studied Mannheim Partner Curves and Smarandache curves, which are 
well known in Differential Geometry. The Sabban frames of the differential curves drawn by 
the Frenet vectors of the Mannheim Partner Curve on the unit sphere surface were calculated. 
Then Smarandache curves were defined with the help of these frames. Finally, geodesic 
curvatures of these curves were calculated according to Sabban frames. 
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